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陽子シンクロトロンの高周波
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Longitudinal Equation of Motion 

[3]  
 s

(x, y)

plus reference orbit
 R [m]  

 

E B
 e  
𝑑𝑑𝑝𝑝/𝑑𝑑𝑑𝑑 = 𝑒𝑒 𝐸𝐸 + 𝑣𝑣 × 𝐵𝐵        (2.2.1) 

 
 

energy gain dE/dt 
 

 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= v ∙
𝑑𝑑𝑝𝑝
𝑑𝑑𝑑𝑑

= 𝑒𝑒𝑣𝑣 ∙ 𝐸𝐸     (2.2.2) 
EC longitudinal:

EB  
𝐸𝐸 = 𝐸𝐸! + 𝐸𝐸! 

2 Electromotive force EB Maxwell
 

𝑟𝑟𝑟𝑟𝑟𝑟 𝐸𝐸! = − 𝜕𝜕𝐵𝐵 𝑑𝑑𝑑𝑑         (2.2.3) 
 

 
 
.3  Ec 

: p

V [volt] g [m]  
𝑉𝑉 𝑡𝑡 = 𝑉𝑉! ∙ sin 𝜔𝜔𝜔𝜔        (2.3.1) 

 
Ec

ΔE(eV)  

Δ𝐸𝐸 =
𝑒𝑒𝑉𝑉!
𝑔𝑔

sin 𝜔𝜔𝜔𝜔 𝑑𝑑𝑑𝑑
!
!

!!
!

      (2.3.2) 

 
s ω

 
g (m)

 𝛥𝛥𝛥𝛥(= 𝑡𝑡2 − 𝑡𝑡1) 
𝜔𝜔! 𝜔𝜔𝜔𝜔 =  𝜔𝜔!/𝑣𝑣 +  𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐.

(2.3.2)  
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Δ𝐸𝐸 = 𝑒𝑒𝑉𝑉! ∙ sin 𝜔𝜔𝜔𝜔
sin 𝑎𝑎

2
𝑎𝑎
2

         (2.3.3) 

 a reference orbit 
g

 

(2.3.3) [ ]
transit time factor

2m (

) KEK-PS Booster [4]
40m  transit time factor 

> 0.995 1  

ΔE(eV)  
Δ𝐸𝐸 = 𝑒𝑒𝑉𝑉! ∙ sin 𝜔𝜔𝜔𝜔          (2.3.4) 

 
 
.4  

 v [m/s] C [m = 2𝜋𝜋𝜋𝜋 R
]

 To [sec]  fo 
[Hz]  

 
 𝑇𝑇!  =  C/𝑣𝑣 =  1/f!       (2.4.1)  

 
 

 
 

𝑓𝑓!" = ℎ ∙ 𝑓𝑓!              (2.4.2)  
 

ｈ  
(harmonics or harmonic number)   

Figure 1
 

 

( )
C frf

 ℎ

 
  𝜔𝜔!"! = 𝜔𝜔!"! 

→ ℎ! ∙ 𝜔𝜔!" = ℎ! ∙ 𝜔𝜔!" 
→ ℎ! ∙ 𝑣𝑣 𝐶𝐶!" = ℎ! ∙ 𝑣𝑣 𝐶𝐶!" 

v  
→ ℎ!

𝐶𝐶!" =
ℎ!

𝐶𝐶!" 

 

100MeV
v  c 

β v/c

J-PARC
2 1 : 4.5

2
9 [1]  
 
.5  

    
 B [T] ρ[m] 

 p  

𝑝𝑝 = −e𝐵𝐵𝐵𝐵  𝑜𝑜𝑜𝑜 3.3𝑝𝑝  
𝐺𝐺𝐺𝐺𝐺𝐺
𝑐𝑐

= 𝐵𝐵𝐵𝐵      (2.5.1) 
 

 e 
 

 (2.2.2)  
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
1
𝛽𝛽𝛽𝛽
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

             2.5.2  

 
𝐸𝐸 = 𝛾𝛾𝑚𝑚!𝑐𝑐!  mo

 
Figure 1: RF harmonics 
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c  
 (2.3.4) 

Δ𝐸𝐸 = 𝑒𝑒𝑉𝑉! ∙ sin 𝜔𝜔𝜔𝜔  
 
Δ𝐸𝐸
Δ𝑇𝑇

=
𝑒𝑒𝑉𝑉!
𝑇𝑇!"#

 ∙ sin 𝜔𝜔𝜔𝜔      (2.5.3) 

 
 (2.4.1)  (2.5.2)  

𝑉𝑉! ∙ sin 𝜔𝜔𝜔𝜔 = 2𝜋𝜋𝜋𝜋
𝑑𝑑 𝐵𝐵𝐵𝐵
𝑑𝑑𝑑𝑑

      (2.5.4)   
Vo 

 [ volt/turn ] 

 
 

.6 Synchronous  
 (2.5.4) 

dB/dt  Vo [volt/turn]  
 

𝜙𝜙＝ sin!!
２𝜋𝜋𝑅𝑅
𝑒𝑒𝑉𝑉!

𝜌𝜌
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

≡ 𝜙𝜙!      (2.6.1) 

 
 2.6.1 

 
synchronous phase

synchronous particle  
reference particle 

 
 

.7 γ t 
   

  
 

𝛿𝛿𝛿𝛿
𝐶𝐶
= 𝛼𝛼!

𝑑𝑑𝑑𝑑
𝑝𝑝

    (2.7.1) 

 
 (2.7.1)

momentum 
compaction: αp  

𝛼𝛼! = 𝑋𝑋! 𝑠𝑠 𝑑𝑑𝑑𝑑      (2.7.2) 
 
𝑋𝑋!(𝑥𝑥) 𝛼𝛼! 

 
 v  

𝑝𝑝 =  𝑚𝑚𝑚𝑚 =  𝑚𝑚!𝛾𝛾𝛾𝛾ｃ 
𝛿𝛿𝛿𝛿 =  𝑚𝑚!𝛽𝛽𝛽𝛽𝛽𝛽𝛽𝛽 +𝑚𝑚!𝛾𝛾𝛾𝛾 𝛿𝛿𝛿𝛿 
𝛿𝛿𝛿𝛿/𝑝𝑝 =  𝛿𝛿𝛿𝛿/𝛾𝛾 +  𝛿𝛿𝛿𝛿/𝛽𝛽＝1/𝛽𝛽! ∙ 𝛿𝛿𝛿𝛿/𝛾𝛾 
𝛿𝛿𝛿𝛿/𝛽𝛽＝1/𝛾𝛾! ∙ 𝛿𝛿𝛿𝛿/𝑝𝑝 
 

𝜔𝜔! p
𝑇𝑇 = 𝐶𝐶/𝑣𝑣  

δω/ω! − δT/T! = −δC/C! + δ𝑣𝑣/𝑣𝑣! 
 

𝛿𝛿𝛿𝛿
𝜔𝜔!

= − 𝛼𝛼! −
1
𝛾𝛾!

∙
𝛿𝛿𝛿𝛿
𝑝𝑝

   (2.7.3) 

 
slippage factor

 

𝜂𝜂 = 𝛼𝛼! −
1
𝛾𝛾!

    (2.7.4) 

 
Slippage factor  

𝛾𝛾 = 1
𝛼𝛼!

    (2.7.5) 

 

transition energy: 𝛾𝛾!  
𝛾𝛾 =  𝛾𝛾! 

 

γt

αp imaginary γt

J-PARC
[4]  
 
.8  

2.6 

(2.3.1) V(t) 

Δ𝐸𝐸 = 𝑒𝑒𝑉𝑉! ∙ sin 𝜔𝜔𝜔𝜔
sin 𝑎𝑎

2
𝑎𝑎
2

         (2.3.3) 

 a reference orbit 
g

 

(2.3.3) [ ]
transit time factor

2m (

) KEK-PS Booster [4]
40m  transit time factor 

> 0.995 1  

ΔE(eV)  
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𝑉𝑉 𝑡𝑡 = 𝑉𝑉! 𝑠𝑠𝑠𝑠𝑠𝑠 𝜔𝜔𝜔𝜔       (2.8.1) 
 

 

 a b
 zero  

a  b
Figure 2

a
 

 
Figure 2 b

b

Figure 2
2

1  stable fixed point  
unstable fixed point

 
.9  

 
 

𝜔𝜔＝𝜔𝜔!＋𝛥𝛥𝛥𝛥、𝑝𝑝＝𝑝𝑝!＋𝛥𝛥𝛥𝛥、𝜙𝜙＝𝜙𝜙!＋𝛥𝛥𝛥𝛥 
𝐸𝐸＝𝐸𝐸!＋𝛥𝛥𝛥𝛥、𝜃𝜃＝𝜃𝜃!＋𝛥𝛥𝛥𝛥 

𝜔𝜔, 𝑝𝑝, 𝐸𝐸, 𝜙𝜙, 𝜃𝜃 

 “𝑠𝑠”, “𝑜𝑜” 

 
 

 𝜙𝜙  𝜃𝜃 
 ℎ  

𝛥𝛥𝛥𝛥＝𝜙𝜙 − 𝜙𝜙!＝ − ℎ𝛥𝛥𝛥𝛥  
ω 𝜔𝜔＝𝑑𝑑𝑑𝑑/𝑑𝑑𝑑𝑑  

𝛥𝛥𝛥𝛥 =
𝑑𝑑
𝑑𝑑𝑑𝑑

 𝛥𝛥𝛥𝛥 = −
1
ℎ
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

 
 (2.5.4) Vo→V

 𝑒𝑒𝑒𝑒 ∙ sin 𝜙𝜙  
𝜔𝜔＝2𝜋𝜋𝜋𝜋 energy gain  

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
𝜔𝜔
2𝜋𝜋

𝑒𝑒𝑒𝑒 sin 𝜙𝜙      (2.9.1) 

(2.9.1)  
𝑑𝑑𝐸𝐸!
𝑑𝑑𝑑𝑑

=
𝜔𝜔!
2𝜋𝜋

𝑒𝑒𝑒𝑒 sin 𝜙𝜙!  
 

𝑑𝑑𝑑𝑑
𝜔𝜔𝜔𝜔𝜔𝜔

=
𝑑𝑑𝐸𝐸!
𝜔𝜔!𝑑𝑑𝑑𝑑

=
1
𝜔𝜔!

𝑑𝑑
𝑑𝑑𝑑𝑑
Δ𝐸𝐸 =

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑
Δ𝜔𝜔
𝜔𝜔!!

≈
𝑑𝑑
𝑑𝑑𝑑𝑑

Δ𝐸𝐸
𝜔𝜔!

 

 

 
𝑑𝑑
𝑑𝑑𝑑𝑑

Δ𝐸𝐸
𝜔𝜔!

=
1
2𝜋𝜋

𝑒𝑒𝑒𝑒 sin 𝜙𝜙 − sin 𝜙𝜙!      (2.9.2)
 

 
 

𝜙𝜙  
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −ℎΔ𝜔𝜔      (2.9.3) 

𝜔𝜔＝𝛽𝛽𝛽𝛽/𝑅𝑅  
Δ𝜔𝜔
𝜔𝜔!

=
𝜔𝜔 − 𝜔𝜔!
𝜔𝜔!

=
𝜔𝜔
𝜔𝜔!

− 1 =
𝛽𝛽𝑅𝑅!
𝛽𝛽!𝑅𝑅

− 1    (2.9.4) 

 
momentum 

compaction  
𝑅𝑅 = 𝑅𝑅! 1 + 𝛼𝛼! ∙

𝑑𝑑𝑑𝑑
𝑝𝑝!  

(2.7.3) 
𝛿𝛿𝛿𝛿
𝜔𝜔!

= − 𝛼𝛼! −
1
𝛾𝛾!

∙
𝛿𝛿𝛿𝛿
𝑝𝑝

  

  

 (2.9.3)  (2.7.3)  

 
Figure 2:  
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Figure 2:  

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝜂𝜂ℎ𝜔𝜔!
Δ𝑝𝑝
𝑝𝑝!

= 𝜂𝜂
ℎ𝜔𝜔!!

𝛽𝛽!𝐸𝐸
Δ𝐸𝐸
𝜔𝜔!

     (2.9.5) 

 
(𝜑𝜑、𝛥𝛥𝛥𝛥/𝜔𝜔𝑜𝑜)

(2.9.2) (2.9.5)

 
 

.10 Small amplitude synchrotron 
oscillation 

𝑠𝑠𝑠𝑠𝑠𝑠(𝜙𝜙)  −  𝑠𝑠𝑠𝑠𝑠𝑠(𝜙𝜙!)〜𝑐𝑐𝑐𝑐𝑐𝑐(𝜙𝜙!)𝛥𝛥𝛥𝛥
 

 
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
𝑑𝑑 𝜙𝜙! + Δ𝜙𝜙

𝑑𝑑𝑑𝑑
≈
𝑑𝑑 Δ𝜙𝜙
𝑑𝑑𝑑𝑑

 
 

(2.9.5) (2.9.2)  
𝛥𝛥𝛥𝛥  
 
𝑑𝑑! Δ𝜙𝜙
𝑑𝑑𝑡𝑡!

=
ℎ𝑒𝑒𝑒𝑒Ω!!𝜂𝜂 cos 𝜙𝜙!

2𝜋𝜋𝐸𝐸!
Δ𝜙𝜙 = 0      (2.10.1) 

𝛺𝛺!＝𝑐𝑐/𝑅𝑅 = 𝜔𝜔!/𝛽𝛽! 𝑣𝑣 = 𝑐𝑐 )
 

 
(2.10.1) : 

𝜂𝜂 cos 𝜙𝜙! < 0 
 

McMillan Veksler [6]  
 

 𝛾𝛾! 
 

𝛾𝛾＜ 𝛾𝛾! → 	 ０＜ 𝜙𝜙!＜𝜋𝜋/2 
𝛾𝛾＞ 𝛾𝛾!  → 	 𝜋𝜋/2＜ 𝜙𝜙!＜𝜋𝜋 

 

Ω! = Ω!
ℎ𝑒𝑒𝑒𝑒 𝜂𝜂 cos 𝜙𝜙!

2𝜋𝜋𝐸𝐸!
 

 
𝛺𝛺! 𝛺𝛺!

 synchrotron tune: 𝑄𝑄!  

Q! =
Ω!
Ω!

=
ℎ𝑒𝑒𝑒𝑒 𝜂𝜂 cos 𝜙𝜙!

2𝜋𝜋𝐸𝐸!

 

J-PARC 2

Table-1

 
J-PARC

10-3

1000
 

 
.11 Hamiltonian 

𝜙𝜙、ｗ = 𝛥𝛥𝛥𝛥/𝜔𝜔!
Hamiltonian: H(φ w)  
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
𝜕𝜕𝜕𝜕 𝜙𝜙,𝑤𝑤

𝜕𝜕𝜕𝜕
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= −
𝜕𝜕 𝜙𝜙,𝑤𝑤
𝜕𝜕𝜕𝜕

 

 
(2.9.2) (2.9.5)

Hamiltonian  

𝐻𝐻 𝜙𝜙,𝑤𝑤 =
1
2
ℎ𝜂𝜂Ω!!

𝐸𝐸!
𝑤𝑤!

+
𝑒𝑒𝑒𝑒
2𝜋𝜋

cos 𝜙𝜙
+ 𝜙𝜙 sin 𝜙𝜙!   (2.11.1) 

 
 

 
 𝑒𝑒𝑒𝑒 𝑠𝑠𝑠𝑠𝑠𝑠(𝜙𝜙) potential 

trajectory
(2.11.1) 𝜙𝜙

potential 𝜙𝜙! =
0 𝑎𝑎𝑎𝑎𝑎𝑎 30∘ Fig. 3 

 

Table  1  (1) 
 RCS MR 

 400MeV~3GeV 3GeV~30GeV 
 1.23~1.67MHz 1.67~1.72MHz 

Ω!!𝑐𝑐 𝑅𝑅! ! 5.4E6 [1/sec] 1.2E6 [1/sec] 
 60kV/ 150kV 150kV/ 260kV 

Harmonics 2 9 
Transition γt 9.14 j32.5 
Slippage γt -0.48/ -0.045 -0.058/ -0.0013 
Ωs/2π 2.3kHz/630 Hz 340Hz/ 29Hz 
Qs 0.004/ 0.0008 0.002/ 0.00015 
 

．
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Figure 3 potential energy

potential bucket

 
 

.12 Separatrix 
:V 

: 𝜙𝜙𝑠𝑠 
slippage factor: η 

Hamiltonian
 

𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 =
1
𝜔𝜔!!

𝑑𝑑𝜔𝜔!
𝑑𝑑𝑑𝑑

=
1
2𝜋𝜋

𝑑𝑑𝑇𝑇!
𝑑𝑑𝑑𝑑

≪ 1 

 
(2.11.1)  

𝐻𝐻 =
1
2
ℎ𝜂𝜂Ω!!

𝐸𝐸!
𝑤𝑤! +

𝑒𝑒𝑒𝑒
2𝜋𝜋

cos 𝜙𝜙 − cos 𝜙𝜙!
+ 𝜙𝜙 − 𝜙𝜙! sin 𝜙𝜙!           (2.12.1)  

                                          
 

 

ϕ!, 0 (π 𝜙𝜙!, 0  
𝜙𝜙!,   0 stable fixed point

elliptical fixed point
 π − ϕ!, 0  

unstable fixed point
 hyperbolic fixed point

unstable fixed point
 Separatrix

stable 
fixed point
bunch  

𝐻𝐻!" =
𝑒𝑒𝑒𝑒
2𝜋𝜋

Γ 𝜙𝜙!          (2.12.2) 
 

Γ 𝜙𝜙! = −2 cos 𝜙𝜙! + 𝜋𝜋 − 2𝜙𝜙! sin 𝜙𝜙!  
 

Separatrix 𝐻𝐻 = 𝐻𝐻!"
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+ 𝜋𝜋 − 𝜙𝜙! − 𝜙𝜙 sin 𝜙𝜙!  
 

Figure 4 𝜙𝜙! = 0, 30⋄, 60⋄

Separatrix  
 
    Separatrix zero

−𝜋𝜋 ≤ 𝜙𝜙 ≤ 𝜋𝜋  
unstable fixed point (π-φs, 0)

φU  
cos 𝜙𝜙! + 𝜙𝜙! sin 𝜙𝜙!

= − cos 𝜙𝜙! + 𝜋𝜋 − 𝜙𝜙! sin 𝜙𝜙!
 

(φU, 0)  
 

Figure 4 𝜙𝜙! 
Separatrix

 

 
Figure 4: Synchronous phase and 

separatrix 

 

Figure 3:  Potential 
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Separatrix

 

 
Figure 4: Synchronous phase and 

separatrix 

 

Figure 3:  Potential 

Bucket length:  |𝜋𝜋 − 𝜙𝜙! −  𝜙𝜙! | 
Bucket height: 

𝑤𝑤!!"!! =
−𝑒𝑒𝑒𝑒𝐸𝐸!
𝜂𝜂 ℎ𝜋𝜋Ω!!

Γ 𝜙𝜙!  

 
 

J-PARC
2

A
B

A B
𝜙𝜙! = 0 bucket 

height 2
 

 
𝑉𝑉

𝜂𝜂 ℎ = constant 
 

 
J-PARC

MR
RCS

 
 

3 RF  

Figure 5

10MHz

 (Magnetic alloy)
 

J-PARC
Figure 

6

 

20kV/m  
 
3.1 MA loaded Cavity 

Magnetic Alloy: MA
1990

J-PARC

[7]  
MHz

shunt 
 Rsh Q Lp 
(3.1.1)  

𝑅𝑅!! = 𝜔𝜔!"𝐿𝐿!𝑄𝑄     3.1.1   
 

Lp 

LCR
 

:  𝜇𝜇!＝𝜇𝜇’ −

 
Figure 5:  

 
Figure 6: 
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ｊ𝜇𝜇”  a[m]  b 
[m]  lF [m]  

 L 

𝐿𝐿 =
𝜇𝜇!𝜇𝜇!
2𝜋𝜋

𝑙𝑙! ln
𝑏𝑏
𝑎𝑎

= 2×10!!𝜇𝜇!𝑙𝑙! ln
𝑏𝑏
𝑎𝑎

 
 

𝑅𝑅!! = 𝜔𝜔!"𝐿𝐿 𝑄𝑄 + 1 𝑄𝑄 ∝ 𝜔𝜔!"𝜇𝜇! 𝑄𝑄 + 1 𝑄𝑄    (3.1.2) 
ωrf  

Q  
𝑄𝑄＝𝜇𝜇’/𝜇𝜇” Q

10 100
0.5 1 (3.2.1)

 shunt 
𝐿𝐿 (𝑄𝑄 + 1/𝑄𝑄) L 

 shunt 
 

coaxial 
 Brf 

coaxial
B(r)  1/r 

 

𝑉𝑉!" = 𝜔𝜔!"𝑙𝑙! 𝐵𝐵 𝑟𝑟 𝑑𝑑𝑑𝑑
!

!
=  𝜔𝜔!"𝑙𝑙!𝐵𝐵!𝑟𝑟! ln

𝑏𝑏
𝑎𝑎

 

≈  𝜔𝜔!"𝐵𝐵!"𝐴𝐴     (3.1.3) 
 

A
 

 
 Figure 7

 shunt 
Brf (3.1.3)

560º

18

Q Q=0,5

Q

shunt  L 
J-PARC 

RCS MR 2

[8]  

µQ
shunt

 
MR

MW

J-PARC
[9]  

 
4.  

  
wakefield

generator current 
beam current 2

 
 
4.1  

 𝑉𝑉 
𝑊𝑊 = 𝑎𝑎𝑉𝑉! a

Vb

 𝑉𝑉! = 𝑏𝑏𝑉𝑉! 
0 < b < 1  

 
Figure 7: µQ  
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shunt
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wakefield

generator current 
beam current 2
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 𝑉𝑉 
𝑊𝑊 = 𝑎𝑎𝑉𝑉! a

Vb

 𝑉𝑉! = 𝑏𝑏𝑉𝑉! 
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Figure 7: µQ  

θ
𝑉𝑉!!, 𝑉𝑉!!  

Vb1, Vb2 Vb θ

 

𝑊𝑊 = 𝑎𝑎 𝑉𝑉!! + 𝑉𝑉!!
!
= 𝑎𝑎 2𝑉𝑉! cos 𝜃𝜃 2

!

= 2𝑎𝑎𝑉𝑉!! 1 + cos 𝜃𝜃     (4.1.1) 
 

q  
Δ𝑈𝑈 = 𝑞𝑞𝑉𝑉! + 𝑞𝑞𝑉𝑉! + 𝑞𝑞𝑉𝑉! cos 𝜃𝜃       (4.1.2) 

 
 𝑊𝑊 = Δ𝑈𝑈  

𝑉𝑉! =
𝑞𝑞
2𝑎𝑎

,𝑉𝑉! =
1
2
𝑉𝑉! , b =  

1
2

  (4.1.3) 

 
Vb 1/2

Ve

[10] 
 
4.2 Shunt Impedance loaded QL 

V Po

Shunt Impedance Rsh  

𝑅𝑅!! =
𝑉𝑉!

2𝑃𝑃!
   (4.2.1) 

 
Q

𝑄𝑄 = µ’/µ” 

Rg

Rtot  

𝑅𝑅 =
𝑅𝑅!!𝑅𝑅!
𝑅𝑅!! + 𝑅𝑅!

=
𝑅𝑅!!
1 + 𝛽𝛽

       (4.2.2) 

 
𝛽𝛽 = 𝑅𝑅!!/𝑅𝑅!  

 
Q loaded 

Q
ω Ws

 

𝑄𝑄! =
𝑃𝑃!"#$%&
𝑃𝑃!

=
𝜔𝜔𝑊𝑊!
𝑃𝑃!

      (4.2.3)     

 
 

𝑑𝑑𝑊𝑊!
𝑑𝑑𝑑𝑑

= −𝑃𝑃! = −
𝜔𝜔𝑊𝑊!
𝑄𝑄!

     (4.2.4) 

 
Ws  

𝑊𝑊! = 𝑊𝑊!!𝑒𝑒
!!"#

!!       (4.2.5) 
 

filling time 
𝑇𝑇 = 2𝑄𝑄! 𝜔𝜔  
 
 
4.3 Required RF source power 

LCR  
(Figure 8)  

𝐼𝐼! = 𝐼𝐼! + 𝐼𝐼!        (4.3.1) 
 

image current Ib Fourier bunch
 𝐼𝐼!"  2

 𝑉𝑉!  =  𝐼𝐼! 𝑅𝑅!! 
 𝜙𝜙! beam 

 
Figure 8: : 

generator current beam 
current vector . 

 
Figure 9: Vector Diagram (Phasor) 
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loading [11][12]  
(4.3.1)  vector diagram Figure 9

 
  RF power  

𝑃𝑃! =  
1
2
𝑉𝑉 ∙  𝐼𝐼!       4.3.2  

 
𝐼𝐼! = 𝐼𝐼!𝑒𝑒!"      (4.3.3) 

 
real part: 𝑃𝑃!.!"#$ = 1

2𝑉𝑉𝐼𝐼! cos 𝜃𝜃 
imaginary part: 𝑃𝑃!.!"# = 1

2𝑉𝑉𝐼𝐼! sin 𝜃𝜃 
 

vector diagram  

tan 𝜙𝜙! =  −𝐼𝐼!  
𝑅𝑅!!

1 + 𝛽𝛽 𝑉𝑉
 cos 𝜙𝜙!

−
𝐼𝐼!
𝐼𝐼!
sin 𝜃𝜃               (4.3.4) 

 
loading factor Y Ib/I0  

 

tan 𝜙𝜙! =  
tan 𝜃𝜃 − 𝑌𝑌 cos 𝜙𝜙!
1 + 𝑌𝑌 sin 𝜙𝜙!

     (4.3.5) 

 

𝐼𝐼! = 𝐼𝐼!
1 + 𝑌𝑌 sin 𝜙𝜙!

cos 𝜃𝜃
   (4.3.6)   

 
 

(4.3.4), (4.3.6) generator current
θ = 0 RF source power 

 

𝑃𝑃!.!"# =  
𝑉𝑉!

2𝑅𝑅
+  𝑉𝑉𝐼𝐼! sin 𝜙𝜙!         (4.3.7) 

 
RF source

( 1 ) 2
 

 
  J-PARC

RF carrier ωr

(ωr)  
Δ𝜔𝜔 = 𝜔𝜔! − 𝜔𝜔!         (4.3.8) 

Detuning angle  
𝜙𝜙! =  tan!! 2𝑄𝑄! ∙ Δ𝜔𝜔 𝜔𝜔!     (4.3.9) 

RF source dynamic
 

 

5 J-PARC  

J-PARC
(Magnetic Alloy: MA)

MA
RCS/MR

Q

FINEMET(FT-3M/FT-3L)

(20kV/m
35kV/m) Table-2 RCS MR

 
 

5.1 3GeV RCS 

 RFQ-Linac 
324MHz SDTL (324MHz)

ACS (972MHz) 400MeV

50mA( ) 500µs
ACS 972MHz

RCS
RCS RF

RFQ RF
RCS

RF (adiabatic 
capture)

 
Figure 10:  J-PARC  



３－ 11

loading [11][12]  
(4.3.1)  vector diagram Figure 9

 
  RF power  

𝑃𝑃! =  
1
2
𝑉𝑉 ∙  𝐼𝐼!       4.3.2  

 
𝐼𝐼! = 𝐼𝐼!𝑒𝑒!"      (4.3.3) 

 
real part: 𝑃𝑃!.!"#$ = 1

2𝑉𝑉𝐼𝐼! cos 𝜃𝜃 
imaginary part: 𝑃𝑃!.!"# = 1

2𝑉𝑉𝐼𝐼! sin 𝜃𝜃 
 

vector diagram  

tan 𝜙𝜙! =  −𝐼𝐼!  
𝑅𝑅!!

1 + 𝛽𝛽 𝑉𝑉
 cos 𝜙𝜙!

−
𝐼𝐼!
𝐼𝐼!
sin 𝜃𝜃               (4.3.4) 

 
loading factor Y Ib/I0  

 

tan 𝜙𝜙! =  
tan 𝜃𝜃 − 𝑌𝑌 cos 𝜙𝜙!
1 + 𝑌𝑌 sin 𝜙𝜙!

     (4.3.5) 

 

𝐼𝐼! = 𝐼𝐼!
1 + 𝑌𝑌 sin 𝜙𝜙!

cos 𝜃𝜃
   (4.3.6)   

 
 

(4.3.4), (4.3.6) generator current
θ = 0 RF source power 

 

𝑃𝑃!.!"# =  
𝑉𝑉!

2𝑅𝑅
+  𝑉𝑉𝐼𝐼! sin 𝜙𝜙!         (4.3.7) 

 
RF source

( 1 ) 2
 

 
  J-PARC

RF carrier ωr

(ωr)  
Δ𝜔𝜔 = 𝜔𝜔! − 𝜔𝜔!         (4.3.8) 

Detuning angle  
𝜙𝜙! =  tan!! 2𝑄𝑄! ∙ Δ𝜔𝜔 𝜔𝜔!     (4.3.9) 

RF source dynamic
 

 

5 J-PARC  

J-PARC
(Magnetic Alloy: MA)

MA
RCS/MR

Q

FINEMET(FT-3M/FT-3L)

(20kV/m
35kV/m) Table-2 RCS MR

 
 

5.1 3GeV RCS 

 RFQ-Linac 
324MHz SDTL (324MHz)

ACS (972MHz) 400MeV

50mA( ) 500µs
ACS 972MHz

RCS
RCS RF
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Figure 11: 
 

RCS
 

tune shift  

𝛥𝛥𝛥𝛥 =  −  
𝑟𝑟!𝑁𝑁!

2𝜋𝜋𝛽𝛽!𝛾𝛾!𝜀𝜀𝐵𝐵!
	 	 (5.1.1) 

rp (1.53 x 1018m) NT

8.3 x 1013 ppp ε
β γ Bｆ

bunching factor
 

RCS
transverse paint
216πmm mrad

(5.1.1) Bf =0.25
tune shift Δν 0.25 RCS

 
(longitudinal bunch manipulation) 
bunching factor Bｆ>= 0.4 [13]  

5.1.1 Longitudinal bunch Manipulation 

RCS (5.1.2)
fcycle 25 Hz

400 MeV 3 GeV 20 msec
500µs

 

𝐵𝐵 𝑡𝑡 = 𝐵𝐵!"# +
𝐵𝐵!"# − 𝐵𝐵!"#

2
1

− 𝑐𝑐𝑐𝑐𝑐𝑐2𝜋𝜋𝑓𝑓!"#.      (5.1.2) 

 
Bmin (t=0) 250µs

RCS
1.6 µsec 500µsec

RCS longitudinal 300
RFQ

RF chopper RCS 2 longitudinal bucket
RCS
−250µs

momentum rigidity
0.12

RCS
RCS longitudinal 

Table  2  (2) 
 RCS MR 

 400MeV~3GeV 3GeV~30GeV 
 1.23~1.67MHz 1.67~1.72MHz 

 348.333m 1567.5m 
 440kV 320kV 

Harmonics 2 9 
Beam power* 1 MW 500kW* 
Transition γt 9.14 j32.5 
# of protons 8.33 x 1013ppp 2.61 x 1014ppp* 

Beam current 11 A peak 11.5 A peak 
Repetition 25 Hz 2.48 s/ 5.20 s 
Acc. Time 0.02 sec 1.4 sec 

*  
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Bｆ
RF Bｆ

RCS Bｆ 0.4
longitudinal 

 
a)  
b) 2nd harmonic potential  
c)  

 
(2.9.3) RF ( Δf ) 

Figure 11

Linac/RCS
500µs linac beam

Figure 11 longitudinal 

 
2

(5.1.3)  
 
𝑉𝑉!" = 𝑉𝑉! sin∅ + 𝑉𝑉! sin 2 ∅ − ∅! + ∅!      (5.1.3) 

 
V1 V2 2

, 𝜙𝜙,  𝜙𝜙!  

𝜙𝜙! 2
𝜙𝜙! = 𝜙𝜙! = 0 

Figure 12
(𝜙𝜙! = 0) 𝑉𝑉! 𝑉𝑉! = −0.5 

𝑉𝑉! 𝑉𝑉! > 0.5 

 
  RCS 150kV

280µsec
Linac

500µsec RCS
2

𝐵𝐵! >  0.4
Δp 2

𝜙𝜙!
Figure 13 MR RCS

0.2 %
250 µsec

Bmin 250 µsec
ramping down 2

V2/V1= −0.8 5 
msec [14]

t 10 msec
MR

RCS
longitudinal paint

Figure 14

Figure 12: 2
v2/v1= 0.5 (upper), v2/v1= 0.8 (lower) 

 
Figure 13:  MR RCS RF

 (upper) 
(lower) 
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Bｆ
RF Bｆ

RCS Bｆ 0.4
longitudinal 

 
a)  
b) 2nd harmonic potential  
c)  

 
(2.9.3) RF ( Δf ) 

Figure 11

Linac/RCS
500µs linac beam

Figure 11 longitudinal 

 
2

(5.1.3)  
 
𝑉𝑉!" = 𝑉𝑉! sin∅ + 𝑉𝑉! sin 2 ∅ − ∅! + ∅!      (5.1.3) 

 
V1 V2 2

, 𝜙𝜙,  𝜙𝜙!  

𝜙𝜙! 2
𝜙𝜙! = 𝜙𝜙! = 0 

Figure 12
(𝜙𝜙! = 0) 𝑉𝑉! 𝑉𝑉! = −0.5 

𝑉𝑉! 𝑉𝑉! > 0.5 

 
  RCS 150kV

280µsec
Linac

500µsec RCS
2

𝐵𝐵! >  0.4
Δp 2

𝜙𝜙!
Figure 13 MR RCS

0.2 %
250 µsec

Bmin 250 µsec
ramping down 2

V2/V1= −0.8 5 
msec [14]

t 10 msec
MR

RCS
longitudinal paint

Figure 14

Figure 12: 2
v2/v1= 0.5 (upper), v2/v1= 0.8 (lower) 

 
Figure 13:  MR RCS RF

 (upper) 
(lower) 

Bf

[13]  

J-PARC-RCS

2
Q  = 2

passive
Low Level RF 

System: LLRF
1

J-PARC RCS
12

 

5.2. Main Synchrotron (MR) 

 J-PARC MR RCS
8.3×1013 ppp 25Hz 1MW 4

.3×1014 ppp 3 GeV 
50GeV 3.6

740kW
[5]  

J-PARC MR 2007
30GeV 50GeV

AC

50GeV J-PARC 
Phase-II MR

30GeV
MR 1.3sec

750kW
1.3MW

[2]  

 
Figure 14 RCS  longitudinal painting  
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5.2.1 750kW  

MR
30GeV

 
MR RCS

3 3
1

9  
Table 3 “Original” 9

FT-3M
3 45 V

FT-3L
FT-3M

Q µＱ 2

800mm
2010 J-PARC

FT-3L [9]

1
2018

FT-3L 4 9 7
2 2

2021
1.32

2
2  

 

5.2.2 MR  

MR RCS 4.5
1567.5 m 

h = 9 RCS
MR  
MR RCS 4

9 MR RF 8
1

MR
bunching factor Bｆ

RCS
MR  

a) 2nd harmonic potential  
b) RF  
2 FX 2nd harmonic potential

SX RF global offset
longitudinal emittance 

Table  3  MR  
 original 1st Upgrade 2nd Upgrade 

 1.67~1.72MHz 
h=9*  7 9 11 
h=18  2 2 2 

(h=9) 21 36 44 
(h=18) 6 8 8 

(h=9) 280kV 510kV 600kV 
# of protons 3.3 x 1014ppp 2.0 x 1014ppp 3.3 x 1014ppp 
Beam current (IDC) 10 A 6 A 10 A 
Beam Power 740 kW 750 kW 1.3 MW 
Beam Energy 50 GeV 30 GeV 30 GeV 
Repetition FX/SX 3.60 s/ 6.00 s 1.32 s/ 3.92 s 1.16 s/ 3.76 s 

      * h=9: h=18: 2nd  
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5.2.1 750kW  

MR
30GeV

 
MR RCS

3 3
1

9  
Table 3 “Original” 9

FT-3M
3 45 V

FT-3L
FT-3M

Q µＱ 2

800mm
2010 J-PARC

FT-3L [9]

1
2018

FT-3L 4 9 7
2 2

2021
1.32

2
2  

 

5.2.2 MR  

MR RCS 4.5
1567.5 m 

h = 9 RCS
MR  
MR RCS 4

9 MR RF 8
1

MR
bunching factor Bｆ

RCS
MR  

a) 2nd harmonic potential  
b) RF  
2 FX 2nd harmonic potential

SX RF global offset
longitudinal emittance 

Table  3  MR  
 original 1st Upgrade 2nd Upgrade 

 1.67~1.72MHz 
h=9*  7 9 11 
h=18  2 2 2 

(h=9) 21 36 44 
(h=18) 6 8 8 

(h=9) 280kV 510kV 600kV 
# of protons 3.3 x 1014ppp 2.0 x 1014ppp 3.3 x 1014ppp 
Beam current (IDC) 10 A 6 A 10 A 
Beam Power 740 kW 750 kW 1.3 MW 
Beam Energy 50 GeV 30 GeV 30 GeV 
Repetition FX/SX 3.60 s/ 6.00 s 1.32 s/ 3.92 s 1.16 s/ 3.76 s 

      * h=9: h=18: 2nd  
 

Figure 15 FX
2
mountain plot

MR 2
RCS 160 ns longitudinal 
emittance  4.5 eVs 𝐵𝐵! ~ 0.2 
(Figure16(a)) Figure 16(b) 2
V1/V2 = 70% 
mountain plot

bunching factor 𝐵𝐵! ~ 0.3
 

 
5.3 Beam Loading 
 

Fourier Ib

𝛪𝛪!"  =
 𝑒𝑒𝛮𝛮!𝜔𝜔!"/(2𝜋𝜋) 2 𝐼𝐼!  =  2 𝐼𝐼!"  RCS

12A MR 20A J-PARC
feedforward beam induced 

Figure 17 feedforward
 

   𝑖𝑖!"#$ 

 𝑉𝑉!"#  

𝑉𝑉!"# 𝜔𝜔! 𝑡𝑡 = 𝑍𝑍!"# 𝜔𝜔! 𝑡𝑡 ∙ 𝐼𝐼!"#$ 𝜔𝜔! 𝑡𝑡   (5.3.1) 
 

𝜔𝜔! 𝑡𝑡 h

MR 3%
 

  MR
Fig. 18
harmonic  h=8, 9, 10

RCS
2

harmonic h=1~6
[15] feedforward 

module
 

 
Figure 15: RF FX      

 

 
(a) 2nd off 

 

 
(b) 2nd ON (V2 = 110 kV) 

 
Figure 16: MR

( RF phase in nsec, 
slice number in turn 
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𝑉𝑉!"#.!"#$  
 

 
   
 
𝑉𝑉!"# 𝜔𝜔! 𝑡𝑡 = 𝑉𝑉!"#.!" 𝜔𝜔! 𝑡𝑡 + 𝑉𝑉!"#.!"#$ 𝜔𝜔! 𝑡𝑡  

+ 𝑉𝑉!"#.!! 𝜔𝜔! 𝑡𝑡      (5.3.2) 
 

feedforward
 

Feedforward 
 

𝐻𝐻!"!"# 𝜔𝜔! 𝑡𝑡 : LLRF 
 

𝑍𝑍!"#! 𝜔𝜔! 𝑡𝑡 : 
 

𝑍𝑍!! 𝜔𝜔! 𝑡𝑡 : Feedforward 
module  

3 (5.3.2)  
 

𝑉𝑉!"# 𝜔𝜔! 𝑡𝑡 = 𝐻𝐻!"!"# 𝜔𝜔! 𝑡𝑡 ∙ 𝑉𝑉!" 𝜔𝜔! 𝑡𝑡
+ 𝑍𝑍!"#! 𝜔𝜔! 𝑡𝑡 ∙ 𝐼𝐼!"#$ 𝜔𝜔! 𝑡𝑡
+ 𝑍𝑍!! 𝜔𝜔! 𝑡𝑡
∙ 𝐼𝐼!"#$ 𝜔𝜔! 𝑡𝑡       (5.3.3) 

 
𝑉𝑉!" 𝜔𝜔! 𝑡𝑡

𝑉𝑉!"#.!" 𝜔𝜔! 𝑡𝑡
driving signal

Feedforward

 
𝑍𝑍!"#! 𝜔𝜔! 𝑡𝑡 + 𝑍𝑍!! 𝜔𝜔! 𝑡𝑡  

 
 

Feedforward
zero  

 
𝑍𝑍!! 𝜔𝜔! 𝑡𝑡 = −𝑍𝑍!"#! 𝜔𝜔! 𝑡𝑡      (5.3.4) 

 
harmonics

gain delay [16]  
 

MR  
h=9 harmonics h=8, 10

(Figure 18) Harmonics h=9

 (Auto level control) 
Feedforward  

𝑉𝑉!"#.!" 𝜔𝜔! 𝑡𝑡 Figure 19
harmonics h=8, 10

 
Feedforward open loop

feedback

open loop

Figure 17: Feedforward beam loading
 

 
Figure 18: MR
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𝑉𝑉!"#.!"#$  
 

 
   
 
𝑉𝑉!"# 𝜔𝜔! 𝑡𝑡 = 𝑉𝑉!"#.!" 𝜔𝜔! 𝑡𝑡 + 𝑉𝑉!"#.!"#$ 𝜔𝜔! 𝑡𝑡  

+ 𝑉𝑉!"#.!! 𝜔𝜔! 𝑡𝑡      (5.3.2) 
 

feedforward
 

Feedforward 
 

𝐻𝐻!"!"# 𝜔𝜔! 𝑡𝑡 : LLRF 
 

𝑍𝑍!"#! 𝜔𝜔! 𝑡𝑡 : 
 

𝑍𝑍!! 𝜔𝜔! 𝑡𝑡 : Feedforward 
module  

3 (5.3.2)  
 

𝑉𝑉!"# 𝜔𝜔! 𝑡𝑡 = 𝐻𝐻!"!"# 𝜔𝜔! 𝑡𝑡 ∙ 𝑉𝑉!" 𝜔𝜔! 𝑡𝑡
+ 𝑍𝑍!"#! 𝜔𝜔! 𝑡𝑡 ∙ 𝐼𝐼!"#$ 𝜔𝜔! 𝑡𝑡
+ 𝑍𝑍!! 𝜔𝜔! 𝑡𝑡
∙ 𝐼𝐼!"#$ 𝜔𝜔! 𝑡𝑡       (5.3.3) 

 
𝑉𝑉!" 𝜔𝜔! 𝑡𝑡

𝑉𝑉!"#.!" 𝜔𝜔! 𝑡𝑡
driving signal

Feedforward

 
𝑍𝑍!"#! 𝜔𝜔! 𝑡𝑡 + 𝑍𝑍!! 𝜔𝜔! 𝑡𝑡  

 
 

Feedforward
zero  

 
𝑍𝑍!! 𝜔𝜔! 𝑡𝑡 = −𝑍𝑍!"#! 𝜔𝜔! 𝑡𝑡      (5.3.4) 

 
harmonics

gain delay [16]  
 

MR  
h=9 harmonics h=8, 10

(Figure 18) Harmonics h=9

 (Auto level control) 
Feedforward  

𝑉𝑉!"#.!" 𝜔𝜔! 𝑡𝑡 Figure 19
harmonics h=8, 10

 
Feedforward open loop

feedback

open loop

Figure 17: Feedforward beam loading
 

 
Figure 18: MR

 

J-PARC
ferrite 

loaded system
feedforward

Feedforward

IQ-
vector feedback [17]  
 
5.4 Longitudinal coupled bunch 
instability 
 
  MR 2018 5 2.6 × 10!" 

ppp  2.48

500 kW 
470 kW
dipole [18] 
(Figure 20)  
 

8

MR harmonics h=9 M=9
 

 
1 𝜆𝜆 𝑡𝑡 2

𝜆𝜆! 𝑡𝑡 , 𝜆𝜆! 𝑡𝑡   
m m = 1 – dipole, 2 – quadrupole, 3 – 
sextupole, , 

[19] Figure 21  

 
 

𝜔𝜔 = 𝑛𝑛 + 𝑙𝑙𝑙𝑙 𝜔𝜔! +𝑚𝑚𝜔𝜔!     (5.4.1) 
𝜔𝜔! = 2𝜋𝜋𝑓𝑓! 

𝜔𝜔! = 2𝜋𝜋𝑓𝑓!  
n 𝑛𝑛 = 0, 1, 2,… ,𝑀𝑀 − 1 

mode 𝑙𝑙 = 0,±1,±2,∙∙∙∙  
 

 
Figure 19:  
(upper) h=9 (lower) h=8, 10 

 

 
Figure 20: Mountain-view  
MR 480kW 2.8×
10!" 𝑝𝑝𝑝𝑝𝑝𝑝 × 8 𝑏𝑏𝑏𝑏𝑏𝑏𝑏𝑏ℎ𝑒𝑒𝑒𝑒  
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MR
𝑚𝑚, 𝑛𝑛 = 1, 8  harmonics h = 

8, 10
dipole

Figure 18

dumping  

6  

 J-PARC
KEK-12GeV PS 100

1995

acceleration

manipulation
J-PARC 2

J-PARC

3GeV RCS

bunch manipulation 2
physical 

aperture 

J-PARC

 

J-PARC Fe-Si-B
TM

J-PARC
RCS

MR
RF

 

J-PARC

10MW proton diver 
synchrotron

 

 
Figure 21: mode

[19] 
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MR
𝑚𝑚, 𝑛𝑛 = 1, 8  harmonics h = 

8, 10
dipole

Figure 18

dumping  

6  

 J-PARC
KEK-12GeV PS 100

1995

acceleration

manipulation
J-PARC 2

J-PARC

3GeV RCS

bunch manipulation 2
physical 

aperture 

J-PARC

 

J-PARC Fe-Si-B
TM

J-PARC
RCS

MR
RF

 

J-PARC

10MW proton diver 
synchrotron

 

 
Figure 21: mode

[19] 
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